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Abstract

This paper presents two basic innovations: a new type of putty-clay capital, used to model
business investment; and the use of investment to identify shares of capital income and market
value accruing to tangible and intangible capital. Unlike in existing putty-clay models, new
capital is complementary with existing capital, allowing investment to be specified as a func-
tion of the productivity of existing capital and of Tobin’s ¢q. In contrast to Tobin’s ¢ models
using neoclassical (putty-putty) capital, ¢ is not a sufficient statistic for investment, which
also depends on the growth of aggregate demand. The model implies that investment in the
types of capital measured in the national income and product accounts, whether equipment,
structure, inventory, or intellectual property product, depends on the market value of existing
assets of those types. Thus, investment can be used to identify those assets’ shares of market
value and capital income. The market value and income of unmeasured intangible capital,
which includes organizational capital, reputation, and market power, can be estimated by
subtraction. I find a sharp increase in the income of unmeasured intangible capital since
2000. Relatively weak investment in measured capital in recent years can be reconciled with
high levels of asset prices and capital income because those high levels are due to unmeasured

intangible capital and so do not affect the incentive to invest in measured capital.



1 Introduction

There are two standard ways of modeling capital: as putty-clay or as putty-putty. If
capital is putty-clay, the capital-labor ratio of a new unit of capital can be freely chosen (or
putty) before the unit is purchased, but is fixed (or clay) afterwards. For example, before a
business buys a truck, it can decide on the quality, or dollars, of truck it wants one driver
to operate, but after the truck is purchased, quality per driver operating the truck is fixed.
In contrast, if capital is putty-putty, the capital-labor ratio of an individual unit of capital
remains variable after the unit is purchased. In that model, the firm varies the number of
workers operating a unit of capital based on the relative cost of workers and capital.

Each of those approaches has its problems. In the putty-putty model, which is the dom-
inant model in economics because of its mathematical simplicity, the problems are empirical.
In its Tobin’s ¢ variant, the putty-putty model predicts that ¢ (the ratio of the market value
of capital to its replacement cost) should be a sufficient statistic for investment, but empirical
work finds cash flow to be at least as important. In Jorgenson’s (1963) neoclassical variant,
the putty-putty model predicts that investment should respond symmetrically to a 1 percent
increase in output and a 1 percent decrease in the cost of capital, but empirical work finds
the short-run response of investment to output much greater than the response to the cost of
capital. However, in traditional putty-clay models, the problem is in connecting theory with
empirics. The model implies that the productivity of new capital cannot be estimated from
the productivity of existing capital, so an ad hoc assumption is needed to estimate the model.

The first major innovation in this paper, complementary putty-clay capital (CPC), solves
both types of problems that arise in the modeling of putty-clay capital. In the CPC model, the
capital input to production is a Cobb-Douglas composite of the quality of each unit of capital,
properly scaled. The complementarity between new and existing capital solves the problem
of traditional putty-clay models by making the productivity of new capital observable from
the productivity of existing capital. The model solves the problem of the putty-putty Tobin’s
g model by making investment depend on growth of demand (for which cash flow appears
to serve as a proxy) as well as on ¢. It solves the problem of the neoclassical model because
investment responds differently in the short run to changes in demand than to changes in the
cost of capital, as in traditional putty-clay models. The CPC model in this paper updates
the model presented in Lasky (2007) to incorporate Tobin’s g.

The second major innovation in this paper is the use of investment to identify the income
and market value of the various types of capital. The national income and product accounts
(NIPAs) currently measure investment in tangible capital (equipment, software, and inven-

tories) and in some types of intangible capital (intellectual property products). I refer to all



of those as “measured” capital. In addition, the market value of a firm includes the value
of capital unmeasured by the NIPAs, known as unmeasured intangible capital (UIC). Such
capital can take many forms, such as reputation, organizational capital, and market power.
Furthermore, these components can make up a large fraction of a firm’s market value. For
example, at the end of its 2013 fiscal year, Apple Inc. reported tangible and certain intangible
assets of about $30 billion, but the market value of its equity less its financial assets was about
$250 billion. Because investment in measured capital depends on the income it is expected to
generate, I can determine the portions of capital income accruing to measured capital and to
UIC by combining information from estimating investment with data for total market value
and capital income. Hall (2000) and McGrattan and Prescott (2010) also measure intangible
capital, but using very different methodologies from mine.

The model has important empirical implications. I find that the increase in capital’s share
of income since about 2000 is due to increased income of UIC rather than to a substitution of
capital for labor. That helps explain why business investment has remained weak in recent
years despite high levels of capital income and market value: those high levels are due to high
levels of UIC and so do not affect the incentive to invest in measured capital.

The remainder of the paper is organized as follows. Section 2 reviews the standard models
of investment. Section 3 introduces complementary putty-clay capital. Section 4 derives a
basic model of investment and Section 5 compares the properties of that model to those of
standard models of investment. Section 6 modifies the basic model to better square with
the real world, while Section 7 describes the estimation procedure. Section 8 discusses the
empirical results, shows that cash flow is insignificant when added to the model, apportions
capital income and market value between measured capital and UIC, and calculates a better

measure of ¢g. Section 9 concludes.

2 Standard Models of Investment

The two most commonly used models of investment in the academic literature—Tobin’s
q and Jorgenson’s neoclassical model—are closely related. Most importantly from the stand-
point of this paper, both models assume that capital is homogeneous, or putty-putty. Under
that assumption, businesses can costlessly alter the capital-labor ratio embodied in existing
capital. The model typically used by economic forecasters—the standard putty-clay model—
differs from putty-putty models by assuming that businesses cannot alter the capital-labor

ratio embodied in existing capital.



2.1 Tobin’s q

The ¢ theory of investment, proposed by Keynes (1936) and developed by Tobin (1969),
analyzes the investment decision as a function of g. Marginal ¢ is the ratio of the market value
of an additional unit of capital to its replacement cost. The higher that ratio, the greater is
investment. Although marginal ¢ is unobservable, Hayashi (1982) showed that, under certain
conditions, average ¢ (the ratio of the market value of all capital to its replacement cost)

equals marginal ¢. When tax treatment is taken into account, Hayashi shows that

! q
—_=h 1
K (1—itc—uz>’ (1)

where [ is investment, K is the capital stock, itc is the investment tax credit, u is the corporate
tax rate, z is the present discounted value (PDV) of depreciation allowances for new capital,
and h' > 0. The expression ¢/ (1 — itc — z) is often called tax-adjusted ¢q. Summers (1981),
by starting with a different treatment of debt and equity, finds that investment also depends
on the fraction of investment that firms finance with debt.

In most models, g differs from 1 because capital is costly to adjust. In that case, ¢
represents the shadow value of being able to increase capital and dh/dg is inversely related to
the cost of adjustment. In Abel and Eberly’s (2011) model, however, there are no adjustment
costs and marginal ¢ is always 1, but average ¢q is still correlated with investment through
expected growth of revenue.

Although most theoretical models find that g should be a sufficient statistic for invest-
ment, most empirical work, including Fazzari, Hubbard, and Petersen (1988) and Kaplan and
Zingales (1997), finds a larger role for cash flow than for gq. Fazzari et al claim that cash flow
measures the easing of liquidity constraints that prevent firms from investing as much as they
would like, but Kaplan and Zingales dispute that explanation. Another possible justification
for cash flow is that it proxies for marginal ¢; however, beginning with Abel and Blanchard
(1986), most researchers attempting to develop better proxies for marginal ¢ have found that
variables such as cash flow continue to be empirically significant. Erickson and Whited (2000)
is an exception.

Even with the inclusion of cash flow, the ¢ model has performed poorly since the end of
the Great Recession. Both ¢ and cash flow were unusually strong in 2010-2013, but the ratio

of investment to the capital stock was unusually weak (see Figure 1).



2.2 The Neoclassical Model

The neoclassical model of investment pioneered by Jorgenson (1963) derives investment
from the optimal stock of capital. Jorgenson found that the optimal real capital stock K™ is
given by

Y
K*=a—
v

, (2)
where « is capital’s coefficient in production, Y is real output, and v is the real rental cost
of capital, which depends on the real price and tax treatment of new capital, its depreciation
rate §, and the rate of interest. Because it is costly to adjust K™, real gross investment [

equals replacement demand §K plus a lag function 5(L) of past changes in K*:
Iy = B(L) [Ky — K] 4] + KL

Thus, investment depends positively on past changes in output and negatively on past changes
in the real cost of capital v. Abel (1980) showed that the ¢ model and a neoclassical model
with adjustment costs are special cases of the same general putty-putty model, in which the ¢
model is derived by assuming infinitesimal time intervals and the neoclassical model is derived
by assuming long time intervals.

Empirically, the neoclassical model is preferable to the ¢ model because it provides a more
plausible rationale for cash flow, as a proxy for output, but it still has a major shortcoming.
The theory says that the elasticities of investment with respect to output and to the cost of
capital should be of equal magnitude. However, researchers generally find that the cost of
capital has a much smaller effect on investment in the short run than does output (Eisner
and Nadiri (1968), Coen (1971), and Chirinko (1993)), or no effect at all (Eisner (1969)).

2.3 Standard Putty-Clay Models

Putty-clay models answer the question of why the elasticities of investment with respect
to output and the cost of capital are not of equal magnitude in the short run. In those models,
originally developed by Johansen (1959), Solow (1962), and Phelps (1963), firms can choose
the capital-labor ratio embodied in new capital but cannot vary it once the capital is placed
in service. Thus, capital is “putty” as the firm decides on the capital-labor ratio and “clay”
after the capital has been produced. In putty-clay models, the number of new units of capital
depends on growth of output, while the amount of capital in a new unit of capital depends
on the cost of capital. Investment depends on the change in output but on the level of the

cost of capital. Consequently, investment responds less in the short run to a change in the



cost of capital than to a change in output. Bischoff (1971) estimated a putty-clay model of
investment and found the long-run elasticity of the cost of capital to be —1, consistent with
equation (2).

Unfortunately, standard putty-clay models solve the empirical problem of the neoclassical
model by opening a gap between the theory and the estimated investment equation. The basic
problem is that standard putty-clay models assume that the productivity of new capital is
independent of the productivity of existing capital, and so cannot be estimated from aggregate
data. With no way to estimate the productivity of new capital, it is impossible to determine
how much new capital is required to satisfy a given increase in demand without making ad
hoc assumptions. By assuming that new capital is complementary with existing capital, the
model in this paper provides a link between the productivity of new capital and the observed

productivity of existing capital.

3 Properties of Complementary Putty-Clay Capital

CPC capital differs from other descriptions of capital in the way new investment is added
to the existing capital stock. As in standard putty-clay models, firms invest in discrete units
of capital—trucks, buildings, computers, and so on. The amount of capital embodied in a
new unit of capital is its “quality,” denoted k. Unlike in standard putty-clay models, the
quality of the aggregate capital stock is specified as a Cobb-Douglas function of the quality
of individual units. That means the productivity of new capital is positively related to the
quality of existing units of capital, even though there are decreasing returns to the quality
of a new unit of capital. For example, a personal computer is more productive the better
the software it is paired with, but there is a decreasing return to each additional terabyte
of memory. Across businesses, capital is more productive in one business if its suppliers use
better capital. In contrast, traditional putty-clay models are specified so that the productivity
of new capital is independent of the quality of existing capital. In putty-putty models, such
as the neoclassical model, the productivity of new capital is lower the greater is the quality

of existing capital.

3.1 Specification of Complementary Putty-Clay Capital

The quality of a unit of capital, k, and the number of workers using it remain constant
over its service life. Personal computers, trucks, and chairs are good examples: the amount
of capital embodied in each is usually fairly constant over its service life, and only one person

uses or operates each one at a given time. For simplicity, the basic CPC model assumes a



single type of capital (e.g., widgets) and assumes that units of capital are normalized so that
each worker uses one unit of capital. Those assumptions are relaxed later in the paper.

Aggregate quality per unit of capital k is a geometric average of the quality of each unit
of capital. Assuming that there are M units (and thus M workers) indexed from 1 to M with
unit j having quality k;, the aggregate quality per unit is given by

log (k) = % > log (kj) . (3)

One can think of equation (3) as a Cobb-Douglas function combining the amount of capital

in each unit of capital:

ko= ky/MEMM M

The capital input to production, K, is aggregate quality per unit times the number of units,
or kM.!

That method of aggregation accounts for why the productivity of new capital depends
positively on the quality of existing capital. The product of an additional increment of quality
for the first unit of capital, k1, is

4y _ a4y K/M
dky  dK ky

where Y denotes output. This function is increasing in K for any CES production function
with a positive elasticity of substitution between labor and capital, including the Cobb-
Douglas production function. Consequently, the productivity of new capital increases with the
quality of existing capital. However, the marginal product of additional quality is decreasing
in k1, so there are decreasing returns to additional investment.

CPC capital differs from other types of putty-clay capital in that new units of capital
are complementary with existing capital, making it possible to determine the productivity of
new capital from that of existing capital. Johansen (1959), Phelps (1963), Solow et al (1966),
Calvo (1976), and Gilchrist and Williams (2005) all assume that the output of a given unit
of capital is constant over its service life, and thus that the productivity of new capital is
independent of the productivity of existing capital, i.e., dY/dk; is independent of K. That
makes it impossible to determine the productivity of new capital using aggregate data for

output or productivity. Ando et al (1974) assume that the required labor input per unit of

' Aruga (2009) presents a model in which the aggregate stocks of two different types of capital are com-
plementary. In that model, however, individual units of one type of capital are only complementary with the
other type of capital.



existing capital rises at a constant rate per year, but they cannot determine the productivity of
new capital using aggregate data. In all of those models, new capital is neither a complement
nor a substitute for existing capital.

CPC capital differs even more from the ¢ and neoclassical models in that new capital is a
substitute for existing capital in those models. In those models, dY/dk; equals dY/dK, which
is decreasing in K. Businesses can reallocate existing capital across workers arbitrarily based
on the relative costs of capital and labor. For example, if the cost a given type of personal
computer falls from $1,000 to $500, a business owning two of them can respond either by
puttying the two together into one computer or by buying $1,000 of new computer, dividing

it in two, and puttying each half together with an existing computer.

3.2 Investment and the Capital Stock

The quality of each unit of capital depends on the expectations prevailing when a business
first added it to the capital stock, i.e., when the investment takes place. Consequently,
aggregate capital per unit depends on the quality of each vintage of existing capital and on
the number of units of each vintage. I model investment as done by a representative firm, so
each unit of the same vintage has the same quality.

At this point, two somewhat unrealistic simplifying assumptions are required. First, the
model uses continuous time. Because of the discrete nature of putty-clay capital, that can
only be an approximation. That approximation is necessary, however, to relate investment to
Tobin’s q. Second, in order to hold the quality of each unit of capital constant over its service
life, depreciation takes the form of the retirement of existing units of capital at constant rate
6. Realistically, the productivity of old units of capital can fall so far below that of new units
that firms could profitably discard and replace those older units even while they are still
functional. Such endogenous replacement would greatly complicate the analysis and so is not
considered in this paper. In addition, one might think that the rate of retirement increases
as capital ages. I account for that in the empirical section.

If F; is the flow of new units of capital at time ¢, then aggregate quality per unit of capital

is given by

[l . Fiexp (=0 (t—i))log (k;)di
M,

log (ki) = : (4)

where

Mt:/ Fexp (=6 (£ — 1)) di.
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Real investment, Iy, is the product of the flow of new units of capital and their quality:
Iy = Fiky.

The stock of capital at time ¢t (K;) is aggregate quality per unit of capital times the number

of units of capital:
K = kM;. (5)

The fact that investment is the product of two components—the number of new units
and their quality—is another key difference between CPC capital and putty-putty capital.
The first component—the number of new units, F'—depends on the growth of the factors
determining M, the number of units of capital. However, the second component—the quality
of new units, k—depends on the level of the factors determining it. Thus, for example, a 1
percent increase in output (which increases M by 1 percent) and a 1 percent decrease in the
cost of capital (which increases k by roughly 1 percent) have qualitatively different impacts
on investment. Putty-putty capital does not differentiate between the number of units of
capital and their quality, so investment responds the same to a 1 percent increase in output
as to a 1 percent decrease in the cost of capital.

To determine the growth rate of the stock of capital, I differentiate equations (4) and (5)
with respect to ¢ yielding:

F, <kt> . th/Mt]

— K, |2
t[Mt %\ F dt

d(Kt)
dt

(6)

The first portion of the expression in brackets represents capital deepening (increases in
the quality of existing units of capital) while the second portion represents capital widening
(increases in the number of units of capital). The rate of capital deepening depends on the
ratio of the quality of new units of capital relative to the quality of existing units (k;/k;).
That ratio has a larger effect on the growth of the capital stock the greater is the flow of new

units relative to the existing stock (F}/My).

4 Investment in the Basic Model

I model investment by examining the profit-maximization decisions of a monopolistically
competitive representative firm. That firm takes aggregate demand, the average price of
output, the price of new capital, tax law, the wage rate, and the market value of capital
as given. The firm does not know the future values of those variables with certainty, but

rather forms expectations. However, to simplify the math, I assume that a function of the



expected values of one or more variables equals the expected value of the same function of
those variables, i.e., if E(x) denotes expectations of a set of variables z and f(x) is a function
of z, then f(E(x)) = E(f(x)).

The firm maximizes profits across several variables. Regarding the labor input to produc-
tion, the firm chooses the number of workers and hours worked per week. That decomposition
of labor hours is necessary because the response of investment to a change in output per worker
depends on the source of that change. An increase in output per worker due to higher total
factor productivity (TFP) leads to an increase in the quality of new units of capital, but not
in the number of units of capital. However, an increase in output per worker in response to
a demand shock that boosts weekly hours signals that the firm will be hiring more workers,
and thus boosts the number of new units of capital but not their quality.

In addition, the firm chooses the number of new units of capital and the quality of those
units. Together, the choice of labor and capital inputs to production determines the firm’s
output. Because the firm is monopolistically competitive, the firm’s output determines the
price it receives and thus its profits.

The basic model assumes a single type of capital and a uniform production function for
all firms. Below, I explore investment in the presence of many types of capital, including
inventories and land, and production in one sector (mining) that is more capital-intensive
than production in the rest of the economy. A uniform production function is conceptually
awkward in that the ratio of capital goods prices to the aggregate price level can change
over time. For simplicity, I assume that firms produce a single type of intermediate output,
which is then sold to a firm that transforms it into various types of final goods and services,
including capital. A more realistic model, in which the representative firm produces many
types of goods and services using different levels of total factor productivity, would ultimately

produce the same result but with a great deal more complexity.

4.1 The Production Function

The production function is a Cobb-Douglas function of capital and labor with constant
returns to scale, modified to accommodate both labor inputs, a putty-clay capital stock, a
time-varying coeflicient of capital, and temporary differences between the number of workers

and the number of units of capital. At time ¢, that production function is

Y, = ALK LI (7)



where Y is output, A* is TFP (A) adjusted for variations in capital’s coefficient in the pro-
duction function «, K is the capital input to production, and L is the labor input.?

TFP is adjusted for variations in « so that, at the margin, the firm is indifferent to
changing capital’s coefficient in production. Except in the rare case that K = L, a change
in « results in a spurious change in Y. Fluctuations in A* offset such spurious changes. For

purposes of growth accounting, the production function is better expressed in first differences:
Alog (Y;) = Alog (Ay) + apAlog (Ky) + (1 — ay) Alog (Ly) .

Combining that expression with equation (7), one sees that growth of A* equals growth of

true TFP (A) minus an offset for changes in «:
Alog (A7) = Alog (A:) — Aaylog (K /Ly) .
The labor input to production is
Ly = HyNy,

where H is hours per worker and N is the number of workers. The capital input takes a

similar form:
Ky = kyH.Ny.

Hours per worker increase the intensity with which both capital and the workforce are used.
With time to build, the number of units of capital M changes slowly, and the intensity of
capital usage is proportional to the number of workers N rather to M, unlike in equation (5).

By making the capital input proportional to the logarithmic average of the quality of all
capital in service, I implicitly assume that all undepreciated units of capital are used with
equal intensity. That differs from much of the putty-clay literature, which assumes that all
units of capital above a market-clearing quality are in use while all others are idle.

Substituting for L and K, I re-write the production function (equation 7) as
Y; = Ak Hy Ny, (8)

The firm must face costs of employing more workers than units of capital and of holding hours

’Increases in a capture increases in the capital-labor ratio due to a change in technology that increases
capital’s share of income rather than to a change in the relative price of capital and labor. For example,
a increases when businesses use computers and word processing software to do tasks formerly performed by
secretaries. The business can generate the same revenue with lower labor costs but with increased outlays for
computers and software.
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per worker above its “normal” level or it would do so all the time. Those costs are discussed

below.

4.2 The Firm’s Maximization Problem

The representative firm seeks to maximize the present discounted value (PDV) of future
after-tax net receipts. That firm receives revenues net of taxes on production and imports
(indirect taxes), corporate taxes, and business transfer payments. The firm’s costs are the
cost of new capital, labor compensation at “normal” levels of workers per unit of capital and
hours per worker, and the costs of deviating workers per unit of capital and hours per worker
from normal levels. All of those costs are on an after-tax basis. The firm may also face
future gains or losses due to past decisions, such as the tax value of depreciation allowances
on existing capital, but those do not affect its current decisions.

Representative firm g receives price py; for its output Y. Following Abel and Eberly

(2011), I assume that the inverse demand function for firm g’s output is

_1
Pgt _ < Ytqt > nt
Dbt hgtY: ’

where hg is the firm’s share of the aggregate demand curve, and 7, > 1 is a time-varying

price elasticity of demand common to all firms. The difference of 1/n, from zero reflects the
firm’s unmeasured intangible capital, such as its reputation, organizational capital, or market
power. Prices are net of taxes on production and imports. Because each firm has the same
elasticity of demand, pys = p; and Yy = hgY;. In the following, in order to simplify the
notation, I sum over all firms, so that the variables are aggregates.

The after-tax cost per real dollar of investment (p7;) is its price (pi;) net of taxes, or
PTt = pit [1 — itct — utzt} s

where itc; is the rate of investment tax credit or research tax credit for new capital purchased
at time ¢, u; is the corporate tax rate, and z; is the PDV of depreciation allowances per dollar
of capital purchased at time ¢. The relevant tax rate is the one at the time depreciation
is taken, so wu; is actually an expected value at time ¢. The after-tax cost of new capital
is exogenous to the representative firm. The after-tax cost of all capital purchased is the
after-tax cost times the real quality of new units of capital times the number of units of new
capital, or prik Fy.

The cost of labor to the firm gross of taxes and transfers consists of several pieces. The

main component is wy; Hy Ny, where w is labor compensation per hour when hours per worker,
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the number of units of capital per worker, and growth of the number of workers are all at
normal levels. The representative firm takes w as exogenous.

There are three additional costs associated with the number of workers, N;: the cost of
increases in the number of workers relative to the number of units of capital, the quadratic
cost of deviations between the number of workers and the number of units of capital, and the

cost of adjusting the number of workers. The PDV of those costs incurred at time ¢t is

_ _ 1 N, ?
<atmtthtNt — at’thtMt> + §CthHt (t - 1> Mt

1-— Ot 1-— Ot Mt
1 dN;/N, 2
+§CN t < ;{ L nt) Hi Ny,

where 7; is normal growth of NV; (estimated using growth of H-P-filtered ;) and cj; and
cn are exogenous to the firm. Because firms face a cost to adjusting the number of workers
but not to adjusting hours per worker, firms rely partly on weekly hours to meet shocks to
demand.

The variable x;, which is slightly less than 1, is added because, in a world of growing labor
productivity, capital’s share of income will generally be lower than its coefficient in production.
To see the intuition, consider a new vintage of capital, the labor it uses, and the output it
generates. The labor cost associated with the undepreciated capital from that vintage rises
roughly with output per worker. The average output generated by all vintages of capital rises
at the same rate. However, the output and thus the income generated by the undepreciated
capital from a given vintage rises more slowly than that average, because capital per unit
of capital from that vintage is fixed but economy-wide capital per worker grows over time.
Because labor income from a given vintage of capital grows more rapidly than total income
from that vintage, the capital income from a new vintage of capital is front-loaded relative
to total income from that vintage. That front-loading means that the ratio of the expected
present discounted value (PDV) of capital income to the PDV of total income from a vintage,
which the firm sets equal to capital’s coefficient in production, exceeds the expected average
ratio of capital income to total income from that vintage. (See the appendix on the effect of
productivity growth on capital’s share of income for a mathematical treatment.)

The PDV of the cost of hours per worker differing from their normal level H; incurred at
time ¢ is

1

—w (H—E)N+1cw E—12HN
1—Oét$tt t t) 4Vt HWE \ 4Vt

2 ¢

The representative firm takes cy and H; as exogenous. For ayx; = 1/3, roughly its estimated
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value, the first component corresponds to an overtime premium of 50 percent, a common
premium in the United States.
Taking all of those pieces together, the PDV of the cost of labor to the firm gross of taxes

and transfers incurred at time ¢ is

O

7thtNt 7thtMt+Ct7 where
].—Oét{L‘t ].—Oét:lft
c, = 1 dNe/Ne 2HN+1 Ay 2HN
t = QCNwt dt T tiVe ZCHwt Ht t4Vt
1 N, 2
— H | — -1 M.
+2Cth t<Mt > t

dNy /Ny
d =4

In long-term equilibrium, in which H; = Hy, N; = M;, a = 7, and setting x; = 1,
that PDV simplifies to w;H¢N;, the standard pre-tax cost of labor.

Revenues minus labor costs are subject to the corporate income tax and are also the
source for business transfer payments. Assuming a tax rate of u and a transfer rate of b, both
revenues and labor costs are multiplied by (1 — u;) (1 — ;). To simplify notation, I replace
that expression with (1 — uby).

The PDV of after-tax net receipts also contains two items that I treat as exogenous to
the firm’s decision at time ¢. The first of those is the tax deduction for net interest paid by
the firm, or u;iP By, where i is the interest rate paid by the firm on its net bonds B;. For
simplicity, I assume that the firm’s choice of financing, i.e., its choice of B, is independent of
its investment decision. Alternatively, Summers (1981) assumes that firms finance a fraction
b of new investment by issuing debt. The second exogenous item is the impact on current and
future after-tax net receipts of past decisions, denoted D;. The primary component of D; is
the PDV of the tax value of depreciation allowances remaining on capital in place at time ¢.
In addition, D; includes the portion of labor costs C' incurred prior to time ¢ but affecting

net receipts after time . With those additions, the PDV of after-tax net receipts is

oo pj}/j T I—ajz; wJH N
(1 —ubj) 7 . .
V= / _|_1 a = w]H M; - Cj exp (— Z.:tmdz) dj + Dy. (9)
J=t —i—ujz B ijk‘ij

where 7 is the weighted average of the cost of equity and the pre-tax cost of debt.
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4.3 The Amount of Capital in New Units of Capital

The derivative of (9) with respect to k; yields the first-order condition

i d(v:Y; J
/ (1 —ubj) (S;C ) exp ( S ridi) dj — prFy = 0.
t i=t

Jj=t

After evaluating d(%fj), that equation becomes

Y . j A
(1 —wubj)p; (1—1/n;) ozjﬁjj exp (—(5 (j—1t)— fi]:tridz) dj = priky. (10)

L~

J

To make equation (10) more tractable, I follow a simplification commonly used in the neo-
classical investment literature and assume that firms expect several variables—ub, n, «a, r,
and the growth rates of p (p) and Y/M (§)—to remain constant after time ¢. After making

those substitutions and rearranging terms, equation (10) becomes

oy (1 —uby) (1 —1/n,) peYe /My
pTe (6 + 16 — Pt — ) '

ke = (11)

To evaluate Y;/M;, we shall see below that when firms order capital they expect M; will
equal Ny when the capital is delivered. In addition, I assume that firms expect, when they
place orders for new capital, that hours per worker will have returned to its equilibrium level
by the time that capital is delivered at time ¢, i.e., they assume H; = H;. In that case, output
per worker Y/N will have reverted to its cyclically adjusted level, g, where
Y; Hy

-t 12
N T, (12)

Yt
With those substitutions, Y;/M; in equation (11) becomes ;.
In the style of the neoclassical literature on investment, the resulting equation can also

be expressed as

where

(1 —dtey — ugzy)
(1 — ut)

In the neoclassical literature, v; is interpreted as the real rental cost of capital. Overall,

(0 +7 —Pr — Ue) (14)

bt
Vg = —
t

the quality of new capital depends positively on capital’s coefficient in production, cyclically
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adjusted output per worker, and its expected growth rate (), and negatively on the real
price of new capital (pi/p), the depreciation rate, and the real rate of return (r — p). The
quality of new capital also depends on the tax treatment of new capital relative to that of the
revenues generated by such capital, i.e., % The primary differences between equation
(14) and the neoclassical rental cost of capital are the presence of expected growth of output
per worker and the use of the expected growth of the output price, rather than the expected

growth of the price of capital in calculating the real rate of return.
4.4 Optimal Units of Capital
Starting from equation (9), the Euler equation for hours per worker (Hy) yields

1 1 H
<1 — ) ptYVt ~ 7thtNt +cy (t — 1> thHtNt
Ur 1 — oy H

t
1 dN; /N, 2 1 N, 2
+—cNwy < Ctli b ﬂt> H/N; + §CthHt <]\4t — 1) M;.

2 t
I assume that the quadratic terms are small enough that they can be ignored, leaving
1 1 H,
<1 - ) ptY;‘ ~ 7thtNt + cHy <—t — 1> thtNt- (15)
ul 1 — oy H

Ignoring similar quadratic terms, the Euler equation for M; yields

Ny > weH Ny (64 re — pe — Ut) pTeky

H, — -1 ~
Wittt + M <Mt Mt (1 — ubt) ’

1-— ATt

where w is the growth rate of w, which is roughly equal to p; + ¥ over long periods.
To determine the number of units of capital the representative firm desires, I substitute

for the right-hand side of (16) using equation (11), obtaining

_ N, H; N, 1-1 Y,
weHy + ey <t—1> et t%at( /11:) Pt ¢

(17)

1— QT Mt Mt Mt

To evaluate that equation, I assume that firms expect, when they place orders for new capital,
that hours per worker will have returned to its equilibrium level by the time that capital is
delivered at time t, i.e., they assume H; = H;. Substituting for the right-hand side of (17)

using (15) and making that assumption, I obtain

Nt 1> thtNt ~ Ot ’U)thNt

H — - A
Wkt + oM <Mt Mt 1— ATt Mt

1— ALt

The solution of that equation is M; = N;. Firms try to match the number of units of capital

to expected employment.
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4.5 New Units of Capital

The desired flow of new units of capital, F}, equals the growth of employment plus

replacement demand:

dN;
Fy = — +6M,.
t p + t

To match the lags in the data between employment growth and investment, it is necessary
to modify that equation to incorporate various factors that Kydland and Prescott (1982) call
“time to build.” This concept captures the phenomenon that investment does not respond
immediately to factors determining the number or quality of new units of capital. Time to
build is influenced by the time it takes for businesses to gather information and to translate
that information into orders for new capital, as well as the time it takes for those orders to
be filled. Investment will also lag behind changes in the desired stock if capital is “lumpy,”
e.g., if businesses do not adjust their capital stock until some threshold level of adjustment is
required.?

Time to build complicates the relationship between the number of new units of capital
and growth of employment in several ways. First, as discussed above, businesses expect
that Y/N will have returned to gy by the time new capital is delivered. Second, because
investment is lumpy, firms do not invest in every period, so investment depends on the change
in output and expected output since the last investment cycle. Third, firms expect demand
to gradually converge to potential output, so investment depends partly on expectations of
potential output. Finally, investment occurs gradually between the time capital is ordered
and when final delivery takes place. For example, a new structure counts toward investment
in every quarter that construction activity occurs.

The assumption that firms expect Y/N to return to g implies that the desired units of
capital depend on expectations of future Y/y. To take account of lumpy investment, I assume
firms order capital once every T periods.? (In this case, the “representative” firm is only
representative of firms in a particular investment cycle.) As an approximation, firms target
the number of units of capital to equal expected employment mid-way through the order cycle.

Assume that a firm places orders at time ¢’ for capital whose delivery will be completed at

3For evidence that capital is lumpy, see Doms and Dunne (1998) and Cooper, Haltiwanger, and Power
(1999).

*A common alternative to the modeling framework used in this paper is to assume quadratic costs of
adjusting investment. In my model, that approach proves inconsistent with the data. Quadratic costs of
adjusting units of capital imply that recent movements in output should matter the most in determining
investment. For structures, however, the change in output in the most recent four quarters has a smaller effect
on investment than the change in output in the preceding four quarters.
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time ¢. Denoting time ¢’ expectations of output at time ¢ + T'/2 as v YiyT)/2,

M9 = vYeir2/vUirr)2-

Firms expect output Y to converge toward potential Y according to

'Y, Yy
v/ 1= <t_ 1) (18)
vYiir)2 \%

A larger value of v means a slower expected convergence of output toward its potential. After
some algebra, shown in the appendix, that convergence assumption implies that investment
depends on expectations of full employment, N, defined to equal Y /¢. I assume that firms
expect N to grow at rate iy between time ¢ and time ¢ + T/2.

To match the model to the real world, I assume that the length of investment cycles
varies across firms. A fraction ¢; of firms have an investment cycle T; periods long with a
corresponding ¢;. As shown in the appendix, the number of new units of capital delivered in

period t, after switching to discrete time, can be expressed as

(Yiei/ge-) (L +70) B2 1y
F = ZZ j { (t—t) x T} ] 1)
=1 7 !
t—t! Nyi (147 Z)lt':JrTm
+ZZ% { (t—t') x T; ]} +OMe,
j

where, to simplify notation, d[Xj,i] denotes X; — X; i, B; = ¢;9;, 7; = @, (1 - wj), and
> g B; +>° ;v =1 That expression shows that new units of capital depend on past growth of
both the ratio of output to productivity and full employment. Since the former is determined
by demand and the latter by labor supply, investment depends on the growth of both aggregate
demand and labor supply. Real investment (1I;) is found by multiplying k; by Fj.

4.6 Investment, the Market Value of Capital, and Tobin’s ¢

Thus far, I have modeled the amount of capital in a new unit of capital, k, as a function
of the cost of capital, and thus of the real rate of return. An alternate strategy is the one
used in the Tobin’s ¢ literature, which models investment as a function of the market value
of existing capital. In order to do this, I use the method of the maximum principle, following
in the footsteps of Hayashi (1982).

In equation (9), the expression for the PDV of future after-tax net receipts, D; is exoge-

nous at time t and B is independent of investment. Consequently, the firm’s maximization
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problem can be expressed using the Hamiltonian function

Y, — ——w;jH;N;

(1— uby) bjtj — 10496 J 6

Hy = + 1o Wi HiM; = C; oxp (= [ ridi ),
1

i—0
—prekiFy + M5 th

in which k; is the control variable affecting the state variable K;. A is the shadow price of
K in generating future after-tax revenues.
After substituting for dK;/dt using equation (6) and a bit of rearranging, the first order

condition 8kt = 0 yields

Iy 1
M; th.

ke = (20)

That is a key result. Previously, I found that the quality of new capital was a function of
many factors. Now, it depends only on the shadow value of existing units of capital and the
after-tax cost of new capital.

To render equation (20) empirically useful, it is necessary to evaluate A\ K;. Following a

method based on Hayashi (1982), a proof in the appendix shows that
Vi = VU = MK+ VPP + D+ VY + VP,

where V,UF is the PDV of after-tax profits generated by existing unmeasured intangible capi-
tal, V.U is the PDV of after-tax profits generated by UIC not yet created, V'V is the effect on
V; of capital’s share of income being lower than implied by its coefficient in production, and V,
is the PDV of the tax deduction for net interest paid, u;i; BB;. Because VVE + D, + VW +V,B
includes all elements of the firm’s market value except for the value of existing capital in
future production, I can conclude that A\ K; is the market value of existing capital in future
production. Consequently, the amount of capital in new units of capital, k¢, depends on the
market value of existing capital and the after-tax cost of new capital.
Using that representation of k:, investment can be expressed as a function of Tobin’s
q. ng , the neoclassical stock of capital calculated using the perpetual inventory method,
is the real pre-tax “replacement” cost of existing capital as defined in calculating Tobin’s q.
Dividing both sides of equation (20) by pthN , the nominal replacement cost, and multiplying
through by Fj, the ratio of investment to replacement cost can be expressed as
Iy MKy 1 F
KN pKN 1 —ite, —ugz My
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The expression p’\t’}?ﬁ, is Tobin’s ¢, so
t

L qt B
KtN 1-— itct — Uzt Mt '

(21)

The ratio of investment to replacement cost equals Tobin’s ¢, adjusted for the tax treatment

of new capital, times a function of replacement demand, aggregate demand, and labor supply.

5 The Properties of Investment Compared with Those in Other
Models

While many of the properties of investment are the same in the CPC model as in standard
models, there are some critical differences. To simplify the comparisons, I assume perfect
competition (n = 00), no capital transfers (b = 0), and no time to build. The exception is
the Tobin’s ¢ model, in which the desired rate of investment would be infinite if there were

no adjustment costs.

5.1 Comparison with the Tobin’s ¢ Model

Recall that in the traditional ¢ model of investment

! q
—=h{+7—7F7—]).
K <1—itc—uz>

With CPC capital, absent time to build, equations (19) and (21) become

I q ayyy dyly
( dt dt +o).

K: 1 —itc — uz

The key similarity between the traditional Tobin’s ¢ model and the CPC model is that
investment depends in both on tax-adjusted ¢. Investment depends positively on asset prices
and negatively on the after-tax price of new capital.

The primary difference between the ¢ and CPC models is that investment depends only
on tax-adjusted ¢ in the former but also on the growth of aggregate demand less the growth
of productivity in the latter. In the Tobin’s ¢ model, a firm’s desire to invest in new capacity
is undiminished by low capacity utilization, as long as stock prices are high. In the CPC
model, however, investment depends on how rapidly output has been growing, and thus on
current utilization. From the perspective of the CPC model, the importance of cash flow in
empirical estimates of the Tobin’s ¢ model reflects an omitted variable (growth of demand)
rather than liquidity constraints.

That difference between the two models has an important implication for policy. In the

19



CPC model, policies to stimulate investment by changing after-tax ¢ are less effective in
a recession, when aggregate demand is falling, than in a recovery, when aggregate demand
is growing. In the traditional Tobin’s ¢ model, however, the impact of such policies on
investment is independent of the state of the economy. Examples of such policies are a
reduction in interest rates in order to boost ¢ or a change in the tax treatment of depreciation

in order to boost z.

5.2 Comparison with the Neoclassical Model

Absent time to build, real investment in the neoclassical model can be written as

[=ar <dY/Y - dW”) + 0K,

) dt dt

Combining equations (13) and (19), investment in the CPC model is

ol (DY),

) dt dt

There are many similarities between the two models. A key similarity is that, unlike
the Tobin’s ¢ model, both the neoclassical and CPC models find that investment depends
positively on both the level and growth rate of output. The response of the level of investment
to the growth of output is known as the “accelerator.” In addition, investment in both the
neoclassical and CPC models is proportional to capital’s coefficient in production and is
positively related to replacement demand. Finally, through the rental cost of capital v, real
investment in both models is negatively related to the real after-tax price of investment and
the combined cost of debt and equity (7).

The key difference between the neoclassical and CPC models is how investment responds
to the cost of capital. In the neoclassical model, investment responds to both the level and
the growth rate of the cost of capital. However, in the CPC model, investment responds
only to the level of the cost of capital. Unlike in the neoclassical model, investment does
not behave symmetrically to output and to the cost of capital in the CPC model. In the
CPC model, firms can change the number of units of capital in response to higher output
but cannot change the quality of existing units of capital in response to a change in the cost
of capital. However, firms are free to do both in the neoclassical world. As discussed above,
empirical work is more consistent with the CPC model.

Another way to express that difference is that investment in the neoclassical model at-
tempts to restore the actual capital stock K to the desired stock K*, whereas investment in

the CPC model attempts to restore the economy-wide utilization of capital to its desired rate.
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An increase in output boosts both K* and capacity utilization, and so has a similar impact
on investment in both models. However, a reduction in the cost of capital boosts K*, leading
to higher investment in the neoclassical model, but has no effect on capacity utilization. A
lower cost of capital affects investment in the CPC model only by increasing the quality of
new units of capital.

Investment also responds in different ways to a productivity shock in the two models.
Consider a 1 percent shock to both output Y and output per worker y. In both models, Y /v
increases, boosting investment. The accelerator gives a large additional boost to investment
in the neoclassical model. In the CPC model, however, the accelerator is offset by faster
growth of productivity. Because of increased productivity, the existing capital stock can meet
the increase in demand, so there is no need for firms to purchase additional units of capital.
In fact, in the CPC model an increase in productivity not matched by higher output reduces
investment. That could explain Basu, Fernald, and Kimball’s (2006) finding that improved
technology causes nonresidential investment to fall in the short run.

There are several other differences between the two models. In the neoclassical model,
replacement demand equals the (real) dollar value of depreciating capital. In the CPC model,
however, new units are likely to be of higher quality than the units they replace, so replace-
ment demand is a larger share of investment. In addition, investment depends positively on
expected future growth of productivity in the CPC model but is independent of expected
future growth of productivity in the neoclassical model. With CPC capital, increased future
productivity raises the PDV of revenue produced by an extra dollar of capital. In the neo-
classical model, however, the marginal product of capital in the future always equals the price
of new capital, so additional future productivity leaves the PDV of an extra dollar of new
capital unchanged. In the cost of capital, p is the expected growth of the price of output in
the CPC model but is the expected growth of capital prices in the neoclassical model. An
increase in the output price raises the value of output produced by a unit of CPC capital but
has no impact on the value of output produced by a dollar of neoclassical capital, which is

instead determined by the price of new capital.

5.3 Comparison with Standard Putty-Clay Models

Because there is no set of assumptions common to all putty-clay models, there are
many specifications for investment. Possibly the best-known empirical specification is that of
Bischoff (1971), which in the absence of lags simplifies to

Y (dY]Y
I:axv< dé —|—5>,
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where y is a simple suboptimal rule of thumb used because the productivity of new capital
is not observable. In this model, in contrast to the CPC model, productivity growth does
not subtract from the accelerator. Productivity growth is also absent from the investment
equations of Macroeconomic Advisers (2008). Unlike in the CPC model, expected future
productivity growth does not affect investment in the Bischoff and Macroeconomic Advisers
models. In both respects, the standard putty-clay models make the same assumptions as the

neoclassical model.

6 Refinements of the Basic Model

To better reflect conditions in the real world, I modify the basic model in several ways.
In the real world, there are many types of nonresidential capital.’ Several of those types—
capital specific to mining and farming, inventories, and land—require special treatment. In
addition, the response of firms to taxes may differ from the theoretical response for various

reasons, requiring modifications in order to estimate the model.

6.1 Treatment of Mining and Farming

Mining is unusually capital-intensive. The ratio of the net stock of capital to value
added in mining averaged 5.3 in 1987-2011, compared with 1.6 in nonfarm business. In the
context of the model, capital’s coefficient in production « is much higher for mining than for
other sectors. Excluding capital specific to mining (mining and oilfield machinery and mining
exploration, shafts, and wells), the ratio of capital to value added averaged 1.6 in mining in
1987-2011, the same as in nonfarm business, so mining-specific capital accounts for all of the
excess v in mining.

According to equation (13), an increase in « leads to an increase in the quality of new
units of capital. However, we would expect an increase in « due to an increase in the mining
sector to boost capital per worker only in that sector. One possible solution is a two-sector
model, but that would greatly complicate the estimation.

Instead, I treat increases in « due to disproportionate increases in mining-specific invest-
ment as equilibrium increases in the ratio of units of capital to workers, or M/N. In equation
(9) for V4, M; becomes M;/S;, where S; is the equilibrium number of units of capital per

worker. To normalize S, I assume that

Sy =1+ Smin,t,

’In addition, there are several types of residential capital, including some owned by business (rental prop-
erties). I do not attempt to model residential investment in this paper.
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where Spin ¢ is the equilibrium ratio of units of mining-specific capital to workers at time ¢.
Thus, the equilibrium ratio of non-mining-specific units of capital to workers is 1.
With those changes, quality of new units of type-m capital as a function of the cost of

capital is

B = (ea/S) (= 1/m) (1= by) v

where variables with an m subscript are specific to type-m capital. The expression for k;,;
as a function of the market value of capital, as in equation (20), is unchanged, except that
market value per unit of capital and the tax treatment of new capital are those for type-m
capital.

In this paper, I do not analyze investment specific to mining and farming. The pri-
mary reason for that exclusion is that the CPC model does not do a good job of explaining
those sectors. Investment in the CPC model depends primarily on growth of demand, while

investment in those sectors responds strongly to the price of their output.

6.2 New Units of Capital

Let the parameter o,,; represent type-m capital’s share of total units of nonfarm non-
mining capital delivered at time ¢ in the absence of cyclical effects. As shown in the appendix,

with many types of capital equation (19) for deliveries of new units of capital at time ¢ becomes

o A [MemifB) (L) T
Fp = amtzz mi O < T (22)
il [Nt (1 T Z)t t +ij/2 mk}

+Oome Z 5mMm,t—17
me¢mé& f

where 2, B + 2k Ymi = 1. The notation m ¢ m& f denotes nonfarm non-mining types
of capital. The length of the investment cycle T},; can differ by type of capital, and so has a
subscript m. As in the case of a single type of capital, investment depends on the growth of
both aggregate demand and labor supply. Estimated coefficients on the ~,,; for shorter 7,,x

are generally negative, so I use different lengths of investment cycles for demand and supply.

6.3 Units of Inventory Capital

The stock of inventories displays the same putty-clay characteristics as the stock of fixed

capital, with short-run variations being dominated by short-run variations in output. Year-
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over-year growth of a five-quarter moving average of real nonfarm business output explains
70 percent of the variance of year-over-year growth of real nonfarm inventories in 1960-2013
(see Figure 2).

However, inventories themselves are not held long enough to be considered as “clay.”
Manufacturers, retailers, and merchant wholesalers have on average held an item in inventory
for less than two months since the data begin in 1980. For inventories to behave as if they are
putty-clay, it must be that inventory technologies, rather than the inventories themselves, are
putty-clay. For example, the amount of inventories held depends on the type of store a retailer
has, a wholesaler’s distribution system, or a manufacturer’s use of just-in-time inventories.
In each case, a business will hold more inventories the higher its sales, but will not be willing
to incur the cost of changing its way of doing business in response to short-term movements
in real rates of return. The inventory analogue to a unit of capital is a unit of inventory

technology.

6.4 Cost of Capital for Inventories and Land

Inventories and land require different treatment from business fixed capital because they
do not depreciate, so their net cost depends partly on their resale value. In the case of
inventories, k; is the amount of real inventory in a new unit of inventory technology, Fj; is
new units of inventory technology, and J; is the rate at which units of inventory technology are
retired. I assume that the amount of inventories associated with a unit of inventory technology
grows with output per worker, at an expected rate of ;. That assumption creates a symmetry
with fixed capital; as an increase in output per worker does not increase the number of units
of fixed capital, so an increase in real inventories stemming from higher productivity does
not increase units of inventory technology. The value of net sales of inventories from existing
units of inventory technology are thus a fraction §; — ¢; of the existing stock of inventories.
The price of inventories is expected to increase at rate p;;, so nominal resales from a unit of
inventory technology decrease at rate §; — 9 — p;+. Discounting those future resales at nominal
rate r, the after-tax PDV of future resales from a new unit of inventory technology is

00
pitkit /jt (1 —uy) (0 — g) exp (= [rj + 6 — 45 — Pijl) dj.

As for fixed capital, I assume that businesses expect r, 3, and p; to be constant in the
future and expect the tax rate to be u;. The PDV of future resales for a unit of new inventory
technology is

0i — Ut
e+ 0 — Ui — Dit

(1 — w) pitkie
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Subtracting the PDV of resales from the gross after-tax cost of a new unit of inventory
technology, (1 — u) pitkit, I find that the expected net after-tax cost of a new unit of inventory
technology is

Tt — Pit

- —. 23
Tt +0i — Ut — Dit (23)

pTit = (1 — ug) pit

The net cost of land differs in three ways from the net cost of inventories. First, the
depreciation rate is that of the associated structure. Second, the quality of a unit of land
does not increase with productivity, so the 3, terms disappear. Third, land is not depreciable
for tax purposes and if a business reuses land after the associated structure depreciates, it
does not pay capital gains tax, so there are no tax terms. The cost of land associated with a
structure of type m, net of the PDV of its resale value, is thus

PT g = pryg—tPEt
it 4 O — prt’
where the subscript L denotes land. The appendix shows how that expression is used to

calculate the number of units of land.

6.5 Responses to Taxes Differing from Theory

There are various reasons that investment may not respond to tax parameters as strongly
as the model predicts. Firms may not expect tax rates to remain at current levels during
the entire service life of new capital or during the period when depreciation is taken. In
addition, firms are assumed to adopt the method of depreciation that maximizes the PDV of
allowances. However, Knittel (2007) finds that many firms failed to use bonus depreciation in
2002-2004. Also, all investment is assumed to be subject to depreciation, as in the corporate
tax code, but investment by noncorporate businesses and nonprofit institutions is not.

On the other hand, my use of corporate tax law to calculate the tax parameters may miss
the effects of changes in tax law for individuals. For example, there was a large increase in
partnerships’ share of investment in structures in the 1980s, at least in part because of more
favorable treatment of passive losses for individuals.

To capture those impacts, I assume that firms expect the current tax rate to persist with
probability ¢l and expect the rate to return to its sample average with probability 1 — cl.
When they invest, firms expect to use current law to depreciate share ¢2 of new investment
and to use sample-average tax law to depreciate the rest.

With those assumptions, 1 — itc — ugzme in equation (14) and implicit in equation (20)
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becomes

(1 — itcmt — utzmt)dd (1 — itcmt — ﬁzmt)(l_d)cz X
Gt = - o\ (1=e2)el e o o\-ea-e2) |, (24)
<1 —itey, — ut2m> (1 —itey, — uzm>

where 4, it/\cm, and Z,, denote sample averages. I use sample averages so that the estimates
of ¢l and ¢2 do not affect the average level of v,,;. For structures, G,,; is divided by the

expression 1 + ¢3 Dggys, where Dggs is a dummy variable for 1981-1986.

7 Background of the Estimation

A primary innovation of this paper is the use of investment to identify the shares of
income and of firms’ market value contributed by various types of capital. I do that using
two iterative steps. In the first step, I estimate investment equations for measurable capital.
Those equations use a Kalman filter to estimate unobservable (1 — 1/7,) a;/S: (denoted ).
In the second step, I distribute total market value among the various types of capital and
recalculate Sy and the o,,; using the of and other parameters estimated in the first step.
Those estimates of S;, o,,¢, and market value by type of capital then become an input into
the next iteration of the first step. The procedure must be done iteratively because market
value is a nonlinear function of af, and the right-hand side variables of an equation must be
linear functions of aj in order to estimate af using a Kalman filter.

In this section, I show how total market value is distributed among the various types of
capital and presents the investment equations to be estimated. I also discuss a modification
of geometric depreciation better suited to the putty-clay nature of capital and present the
final form of the investment equations. In addition, I discuss the parameters estimated and

the data used in the estimation.

7.1 How the Market Value of Capital Is Estimated

Although the market value of all capital is observable, the allocation of that total among
different types of capital is unobservable. To make that allocation, I express the market value
of different types of capital in terms of observable variables and parameters estimated in the
investment equations.

To estimate the market value of measured capital, I assume that investors have the
same expectations of future tax rates as businesses, and so replace (1 — u;) in equation (11)
with (1 — ) (1 — @)~ In addition, I assume that investors expect by to average its H-P

filtered value, by, in the future. Combining equations (11) and (20) with those substitutions
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and further substituting g; for Y;/M;, the market value of capital in future production is

O[z( (]. — Ut)d (]. — ’&)1761 (1 — Bt) pt?jt
Om + TPyt

th = A777,15K"mt = Mmt ; (25)

where rpy; is 1 — pr — 9. For inventories and land, V;,; also includes the PDV of their resale
value.

Because the data for V,,; is only for nonfinancial corporations, I multiply the right-hand
side of equation (25) by the nonfinancial share of the stock of type-m capital. I thus implicitly
assume that the other parameters in equation (25) are the same for nonfinancial corporations
and for all businesses using nonresidential fixed capital.

Because 1/n, differs from zero due to a firm’s unmeasured intangible capital, the income
from that capital, net of taxes and business transfer payments, is (1 — ubt) ptY:. Ignoring

the final term in equation (15) and rearranging, that income is

U}tNth

pth - Q:Stﬂl‘t . (26)

1
(1 - Ubt) n*pth = (1 - Ubt)pth 1-
t

To estimate the market value of existing UIC, I assume that such capital depreciates at
rate d7. In addition, I assume the number of representative firms is constant and investors
expect the revenue from a unit of its unmeasurable capital to grow with the output of the
firm. Thus, investors expect real income of a unit of undepreciated intangible capital to grow
at rate ¢ + n, where n is the sample-average growth rate of N because UIC is relatively
long-lived. As an approximation, I assume that investors ignore cyclical variations of output
and labor’s share in calculating the market value of existing UIC. Investors also make the
same assumptions about u and b used to value tangible capital. With those assumptions, the
market value of existing unmeasured intangible capital is
1 —ws; — ajSixy

O +rpys —

VIE = (1 —u)? (1 —a)" (1 - b) pY , (27)

where ws; is labor’s share of output at full employment. I estimate ws; by applying an H-P
wi Ny H,
filter to ’; Lt
The final step in determining V,,; is choosing a value of rpy; that makes all of the com-
ponents of firms’ market value add up to the total. To do that, first define V,; as the
hypothetical market value of type-m capital if rpy; were equal to 7py, the sample average of

rpy:. Then

de
th ~ th + (prt - pr) :
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That equation applies to every component of the firm’s market value, including VtUE and
unused depreciation allowances (in D), since the market value of those components depends
on rpy;. Denoting each of those components with the subscript ¢, summing, and rearranging,
yields

. Vg — . Vi
rpyt—pr%EZ : dvzt:’ =,
2 Gy
(A

Substituting that expression for rpy; — rpy into the previous equation yields

Zi Vit - Zz Vit dvmt

S dVie  drpy’
— drpy
A

th ~ th +

(28)

Note that an estimate of rpy; is not required to solve equation (28). Such an estimate can be
backed out using the previous equation, but it may be a poor approximation of the true rpy;
the further one gets from 7py.

There are two ways to choose 7py, although one of them leads to an implausible result.
One way is to solve for 7py such that Yo Vie =2, ‘A/;-t, normalized by p;Y;, averages zero
over the sample period. That results in an implausibly large value for 7py, even after the
modification to geometric depreciation discussed below. Instead, I assume a value of 0.04 (or
4 percent) for rpy. Since actual y averages 0.016 over the sample period, that implies that
ry — P averages 5.6 percent. So that V,,; averages roughly to th, I subtract cypY; from

YouVie—> Vi in equation (28), where cy is the sample mean of W

7.2 Modification to Geometric Depreciation

Geometric depreciation, used to develop the Tobin’s ¢ model, may not describe existing
putty-clay capital well. With geometric depreciation, the expected remaining service life
of existing capital is the same as that of new capital, 1/d,,, so the depreciation rate used to
determine the market value of existing capital is the same as that for new capital, ¢,,. If units
of capital have a fixed service life when new, however, then on average the expected remaining
service life of existing capital is half that of new capital, 1/ (24,,), and the depreciation rate
needed to determine market value is approximately 26,,. Consequently, I use depreciation
rates of 1.58,, and 1.5§; to estimate the Vj,,; and V,UE.

7.3 Final Form of the Investment Equations

There are a number of reasons that the response of the quality of new units of capital

km: to the market value of capital V,; might be less than theory predicts. Managers may
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have different perceptions than investors have about the elements of rpy: the appropriate
discount rate, expected price inflation, or expected productivity growth. My model or the
data I use may omit or mistreat components of the market value of nonfinancial corporations,
which I use in the estimation. One particular issue is that market value includes the value
of net overseas capital but I am modeling domestic investment. Another reason for a small
response of k,,; to V¢ is that nonprofit institutions, financial corporations, and noncorporate
businesses may not attach the same value to a unit of capital as do nonfinancial corporations.
In addition, linearized responses of the quality of capital to rpy may not work well for large
deviations of market value from normal, as in the late 1990s. Finally, the modification I make
to geometric depreciation may not fully resolve that issue.

To account for all those factors, I multiply the second term on the right-hand side of
equation (28) by the parameter ¢4 when estimating k,,:, where c4 is expected to be between 0
and 1. After making that change to equation (28), using equation (25) to calculate th/Mmt,

and using equation (24) to evaluate pr,,;, equation (20) becomes

: 1o (L=b) (1—u)™ (1— )" pie Vot
mtkmt = —— 4 29
Prmifimt = G S+ 7Y T e (29)
; Vit — ] Ai - }_/ ArrL
where Vdf = 2 Vit = 2 ‘{t VPet dK\t. (30)
S

I estimate four investment equations: one each for equipment, structures, IPP, and in-
ventories. The Bureau of Economic Analysis (BEA) provides estimates of investment and
the capital stock for 23 types of equipment, 17 types of structures, and 18 types of IPP, not
counting types specific to mining and farming.® Investment for each broad category of fixed
capital is modeled as the sum of the product of nominal quality (from equation (29)) and
the number of new units (from equation (22)) for each type of capital within that category.
I divide through by the Congressional Budget Office’s (2014a) estimate of nominal potential
GDP (gdp,) as a correction for heteroskedasticity. The determinants of F,,,; other than the
omt are assumed to be the same for each type of capital within a broader category, while
many of the determinants of k,,; can differ. Thus, for example, the equation for equipment

investment (denoted by E) is

ZmEE PimtImt ZmGE Ot Plmtkmt
= Fpy + epy,

gdp, gdp,

%Because a capital stock is necessary to calculate market value, I do not estimate investment for types of
capital for which there is no capital stock data: sale of equipment scrap excluding autos; brokers’ commissions
on sale of structures; and net purchases of used structures.
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where piyikme is given by equation (29),

(1 — itCmt — Utht)CICQ (1 — itemt — ’lALth)(licl)CZ X

Gmt = _ (-2t - o \A-e(-e2) |,
(1 —itcy, — utzm) (1 —itey, — uzm>
F tZtIE 8 d [(Yt—z‘/ Gi—i) (1 + fgg) et E3/2 1, Eﬂ}
i=1 j ’ (t—ty) x Tg;
—tp d [Nt—i (1 4 7ag_)ttetTei/2 ,TEk]
+ Z ZVE’“ / + Z 5mMm,t—l,
i—1 & (t =) x T mg¢m&f

and ey is an error term. For structures, G, is divided by the expression 1+ ¢3 Dggs, as
discussed above.

The equation for inventory investment differs in several ways from the equations for fixed
capital. Inventory investment is the inventories in new units of inventory technology minus
the inventories in depreciating units plus the increase in inventories in existing units due to
increased output per worker. Assuming that the response to output per worker takes place
gradually over five quarters, nominal inventory investment is

Ut /-5 — 1

=Pk, (31)

pitlie = pickiFy — 6ipin K3 +

where K} is real inventories. Using equation (23) to substitute for pr,,; in equation (11),

the inventory analogue for equation (29) is

*1_6 1_ cl 1_/\1701 — . /\_’I’ )
S [at( ) (=)™ (1= @) pe i +7py — g, Velfi

1 -y 8 +Tpy ™oy + Yt — DL, My |’

where pJ, is expected growth of p;:/p:, assumed to equal its sample average. Assuming that
the investment cycle for inventories is fairly short, the number of new units of inventory

technology does not depend on N and can thus be expressed as

d |5 (L)’ 4
Fip = o 5¢A<}_ft)+(l—6i) = 4"t 1% ,4]

Yt

+ Z 5mMm,t71
mg¢m& f

Making those substitutions for p;k;; and Fj; in equation (31), dividing through by gdp, and

adding an error term yields the equation used to estimate nonfarm inventory investment.
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7.4 Parameters

To estimate the common factor of using a Kalman filter, the investment equations are
estimated as a system using maximum likelihood. The standard error for the quarterly
innovation to af is set to 0.0005, or about 0.05 percent of GDP. To account for time to build
in the effect of the market value of capital on investment, two-quarter moving averages are
used for the Vdf,,; for equipment and six-quarter moving averages are used for the Vdf,:
structures and intellectual property products. The same length moving averages are used for
the Gt except for equipment, for which I use only the contemporaneous value.

The coefficients cl, ¢2, and c4 are assumed to be the same across all equations. For
equipment, I use investment cycles of 4, 8, 16, and 24 quarters for Tg; and of 8 and 24
quarters for Tgy; all have positive coefficients. For structures and IPP, I eliminate investment
cycles with negative estimated coefficients. As a result, the T,,; are 8, 16, and 24 quarters
for structures and 4, 8, and 16 quarters for IPP, and only a T},; of 24 quarters is used for
structures and IPP. Time to delivery, t — ¢/, is two quarters for equipment and four quarters
for structures and intellectual property products.

To calculate the o,,s, the errors in the investment equations are assumed to come from
the F),;. Thus, F,,;; can be calculated by dividing I,,; by estimated k,,;. Raw values for
the o, can then be found by inverting equation (22). The o, values used are H-P-filtered
values of those raw values. To estimate S; for use in calculating V,;UF, T calculate the stock of
units of each type of capital using a perpetual inventory method and divide the total number
of units of capital by the number of non-mining units. To avoid perpetuating errors in the
F,+ through their effect on future replacement demand, replacement demand is calculated by
constraining the M,,; to sum to the number of units that would obtain if there were no errors

in the Fj;.

7.5 Data

The sectoral coverage of investment and the variables used to estimate it should be
consistent. Thus, output is the gross value added by sectors using private nonresidential
capital: nonfarm business less tenant-occupied housing plus nonprofit institutions. (Tenant-
occupied housing is part of nonfarm business output but does not use nonresidential capital.)
Nominal output excludes taxes on production and imports, which are not part of the net
revenue of the firm. Employment is the sum of employment in the nonfarm business and
nonprofit institution sectors from the Bureau of Labor Statistics. Hours per worker are found
by dividing total hours worked in nonfarm business and nonprofit institutions by employment.

Estimates of Ny, Hy, and §; are discussed in the appendix.
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The market value of the nonfarm nonfinancial corporate sector is calculated using data
from the Federal Reserve Board’s flow of funds. Following Hall (2001), the value of capital
equals the value of debt and equity less the value of financial assets. Debt and assets are
valued at face value in the flow of funds, so I convert them to market values as shown in
the appendix. The appendix also provides details on how variables related to taxation are
constructed. Data are quarterly, and the equations are estimated from the first quarter of
1960 through the fourth quarter of 2013.

8 Empirical Results and Their Implications
8.1 Empirical Results

The model fits the investment data quite well, not surprising given that o is estimated
using a Kalman filter (see Figure 3). To some extent, variations in a* capture serially-
correlated errors in the investment equations. Serial correlation is less important for inventory
investment, which tends to be quite volatile from quarter to quarter, so the fit is not as good
(see Figure 4).

The first column of Table 1 shows the estimated coefficients when o is estimated using
a Kalman filter. I constrained the coefficient on the corporate tax rate, cl, to 1.0 because it
is greater than 1.0 when freely estimated. The estimated coefficient on the tax treatment of
new capital, ¢2, is also close to 1, and the boost to structures investment during the 1980s, as
measured by ¢3, is statistically significant. Although c4, the estimated coefficient on Tobin’s
q, is well below 1.0, it is highly significant, with a z-statistic of almost 16.

The pattern of the > j Brm;» the sum of coefficients on changes in demand, is surprising.
A priori, one would expect changes in demand to have a greater weight and labor supply a
smaller weight the shorter is the time to build. However, changes in demand have a greater
impact on structures than on equipment or IPP. One possible reason is that using the same
omt for replacement demand as for changes in units understates the relative importance of
replacement demand for shorter-lived capital. That could boost the weight on labor supply,
which like replacement demand is fairly stable, reducing the relative weight on changes in
demand.

The model fits the data less well when a* is constrained to be constant over the sample (see
Figure 5). Even so, the model fits well after 1990 and does a good job at identifying turning
points. (I constrain ¢3 to have the same value as when o* is estimated using a Kalman filter
because it is an implausibly large 0.59 when unconstrained.) Estimated coefficients, shown in

the third column of Table 1, are similar to those when a* is estimated using a Kalman filter.
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The coefficients on the tax treatment of new capital and on Tobin’s ¢ are smaller, while the
pattern of the > y B, 18 somewhat less surprising.

Optimal lags on the factors determining new units of capital are much longer than on
the factors determining the quality of new units of capital, consistent with lumpy investment.
Under lumpy investment, the number of new units of capital depends on the change in the
desired number since the last investment was made, but the quality of new units of capital

depends on market values and tax rates when plans for new investment were made.

8.2 What Drives Investment?

The accelerator—changes in the ratio of output to cyclically adjusted output per worker—
dominate short-run movements in investment (see Figure 6). Variations in the growth of
output less worker productivity directly accounted for 61 percent of variations in the year-
over-year growth of real private nonresidential fixed investment during the sample period.
That is despite the latter including mining and farming investment, for which no accelerator
impact was estimated.

In contrast, changes in ¢ have had a relatively small direct impact, accounting for 10
percent of the variation in year-over-year growth of real investment (see Figure 7). However,
that likely understates the importance of financial shocks for business investment for a few
reasons. First, monetary policy is often used to counter shocks to the financial system,
putting downward pressure on the cost of debt after lower stock prices have boosted the cost
of equity. Second, accelerator effects on investment include the impacts of changes in output
that originate in the financial system. For example, the adverse impacts of deteriorating
financial conditions on consumer spending and residential investment in 2008-2009 reduced
investment through their impact on GDP. Finally, unlike accelerator impacts on investment,
changes in ¢ represent exogenous shocks to the economy and typically have their greatest

impact on investment earlier in a recession than does the accelerator.

8.3 The Roles of Cash Flow and Credit Constraints

I find that cash flow has an insignificant impact on investment when added to my empirical

model. As a test of the role of cash flow, I added

1 J —

c5 Tt ( > CF_; - C’F)
73

to each investment equation, where ¢ is an estimated coefficient, C'F' is the ratio of nonfi-

nancial corporate cash flow to potential GDP, and OF is its sample average. (I subtracted
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the sample average so as not to distort estimates of a*.) For j equal to 1 or 4, the estimate
of ¢5 is negative. For j = 8, ¢b is statistically insignificant and small: each additional dollar
of cash flow ultimately results in less than 6 cents of additional investment. I conclude that
cash flow’s significance in traditional ¢ models results from its role as a proxy for a missing
accelerator effect rather than as a measure of liquidity constraints.

While cash flow appears to have little impact on aggregate investment, it may nonetheless
be true that financial crises hinder investment beyond the impacts captured by g, especially for
inventories. The model developed in this paper assumes that businesses can obtain whatever
financing they want at the going rate. That may not be true in financial crises, such as the one
in 2008-2009. As a percent of the net stock of capital, the largest negative error for overall
private business investment in the sample period occurred in the second quarter of 2009.
Nearly all of the shortfall was in inventories, probably the easiest component of investment

to adjust quickly in response to credit constraints.

8.4 Implications for the Sources of Capital Income

The first step in determining the sources of capital income is to obtain an estimate of
1/n, the inverse of the elasticity of demand. From equation (26),

w Hy Ny

Vg, =1 Lt
/M peYy

- Oéz< StCCt.

I calculate labor income, w;H;N;, as labor compensation plus 65 percent of proprietors’
income.
Using that estimate of 1/n, I can calculate capital’s coefficient of production « in the

sectors using nonfarm BFI. Rearranging the definition of o}, I can solve for a; as
ar = oS/ (1 —1/n,).

Figure 8 shows the Kalman filter estimate of o and the resulting estimate of o;. The estimate
of a; is larger than that of o for two reasons. First, a; includes mining-specific capital, while
af does not. Second, a positive 1/n, reduces the net revenue from additional investment,
reducing «; for a given value of ay.

Armed with the estimate of 1/7,, I can decompose capital’s share of income into the share
going to measured capital and the share going to unmeasured intangible capital. Capital’s
share of income is one minus labor’s share, or 1 — %. Unmeasured intangible capital
receives share 1/7, of total income. The remainder of capital income is the income of fixed
capital, inventories, and IPP.

Figure 9 shows the resulting decomposition of capital’s share of income, with measured
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capital’s share of income calculated by subtracting an H-P filtered estimate of 1/7, from total
capital’s share of income. The increase in capital’s share of income in the 1980s stemmed from
a rise in measured capital’s share of income, corresponding to a higher value of ;. However,
the increase in capital’s share of income since about 2000 is the result of a sharp increase in
the income generated by unmeasured intangible capital. Unless the share of income going to
such capital reverts back to its historical share, capital’s share of income will remain high.

That increasing share of income going to unmeasured intangible capital may have impor-
tant effects on aggregate demand, interest rates, and inflation. The model developed in this
paper implies that such income does not generate measured investment, which depends only
on the market value of measured capital. In addition, such income only generates consumer
spending through the wealth effect and through dividend and interest income, since it does
not go to workers. Unless the wealth effect is large or the income of UIC generates demand
in some other way, its increasing share of total income reduces aggregate demand. Lower real
interest rates than in the past may then be needed to restore equilibrium to the economy.
An increase in profit margins, due to capital’s higher share of income, could help to explain
why price inflation did not slow further when unemployment was high during and after the
financial crisis of 2008-2009.

8.5 Implications for Market Value and Tobin’s ¢

The model developed in this paper can also be used to determine how much of the total
market value of firms to attribute to their various assets. To do that for nonfinancial corporate

business, I solved for the rpy, that satisfy
Vi = ZZ Vit — CVPth

using notation from equation (30).

Figure 10 shows the market value of all nonfinancial assets and the market value of
nonfinancial assets excluding UIC, both relative to potential GDP. The two measures move
roughly in parallel until the early 2000s, when the rise in UIC’s share of income causes them
to diverge. Estimated using the assumptions discussed above, UIC accounted for about a
third of the market value of all nonfinancial assets of nonfinancial corporate business in 2013.

Those estimates of market value also allow us to construct an alternative measure of
Tobin’s ¢ that uses only the market value and replacement cost of nonresidential fixed capital
(equipment, structures, and IPP). Figure 11 compares that measure of Tobin’s ¢ with the
traditional measure. The two measures are quite close until the early 2000s. After that,

the inclusion of the market value of unmeasured intangible capital in the numerator of the
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traditional measure of Tobin’s ¢ causes the two measures to diverge. According to that
traditional measure, the ratio of the market value of capital to its replacement cost at the
end of 2013 was the highest it had ever been except for a brief period at the peak of the
high-tech bubble. Adjusted to exclude the market value of UIC, however, Tobin’s ¢ was no
higher at the end of 2013 than it had been during much of the 2000s, prior to the financial
crisis. That latter view helps explain why business investment remained relatively weak at
the end of 2013.

8.6 Sensitivity Analysis

Thus far, I have assumed values for some key variables, including the service life of unmea-
sured intangible capital (d7), the sample-average for the real rate of return less productivity
growth (7py), and the standard error of a* in the Kalman filter. For the most part, changing
those values has little impact on the parameter estimates in the investment equations but
changes the estimate of income earned by unmeasured intangible capital.

When the assumed value of d7 is reduced from 15 years to 10 years, the estimated parame-
ters are little changed (see Table 2). The lower value for 67 reduces the market value of UIC
and thus dVy,/dipy for UIC. That increases the dVj,/dipy for measured capital, reducing
the estimate of ¢4 from 0.20 to 0.19.

The results are qualitatively similar when the assumed value of 7py is increased from 4.0
percent to 4.5 percent. Once again, the estimated parameters are little changed. One can
see from equation (29) that the higher rpy requires an increase in a*—of 0.015 to 0.018—to
generate the same level of investment. That higher estimate of a* shifts between 1.2 percent
and 1.5 percent of gross domestic income from UIC to measured capital. An increased rpy
also reduces the th, changing the required ¢y from -0.23 to -0.19.

Increasing the standard error of a* in the Kalman filter from 0.0005 to 0.001 improves the
overall fit at the expense of an implausible swing in estimated income from UIC. The increase
in the standard error allows a* to capture more of the movements in investment, boosting
the log likelihood of the system of equations from 4340 to 4426. The general pattern of the
estimated (8 and -y is similar to that of the primary specification, but the estimates of ¢2 and
c3 fall considerably and estimated c4 increases slightly. The improved fit of the investment
equations is accomplished by an increase in o between 1972 and 1985 that is much larger
than the simultaneous increase in overall capital’s share of income, implying an implausible

temporary drop in UIC’s share of income.
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9 Conclusions

The model developed in this paper features two basic innovations. First, capital is mod-
eled as complementary putty-clay, solving empirical problems associated with putty-putty
capital and gaps between theory and empirics in traditional putty-clay models. Second, I use
investment to identify the sources of capital income and the market value of capital.

Those innovations have important implications for how investment behaves and how it
should be modeled. Empirically, fluctuations in output are the key driver of investment.
Although Tobin’s ¢ is statistically very significant, it plays a less important role in driving
investment. The model implies that a DSGE model in which investment is calibrated to
respond symmetrically to fluctuations in output and the cost of capital, as in the neoclassical
model, will get at least one of those responses wrong.

The implications for the sources of capital income and wealth are perhaps even more
important. I find that the increase in capital’s share of total GDP since about 2000 is due to
an increase in income accruing to unmeasured intangible capital (UIC). If permanent, that
shift will have important effects on the economy. Because such income likely has a smaller
impact on demand than income accruing to labor or measured capital, the economy may
require lower real interest rates to maintain full employment. To the extent that such income
is more concentrated than labor income, it also increases income inequality.

Increased income going to unmeasured intangible capital could have positive effects as
well. To the extent that firms can invest in UIC and that such investment responds to its
market value in the same way that investment in measured capital does, greater income for
UIC could increase firms’ incentive to innovate, boosting the overall standard of living in the

long run. The ways in which firms invest in UIC could be interesting topics.
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Appendix

A The Effect of Productivity Growth on Capital’s Share of
Income

To determine the effect of productivity growth on capital’s share of income, I examine
a simple case in which there is no time to build, so that the number of units of capital (M)

equals the number of workers (V). The value of cash flow at time ¢ discounted to time #g is

t
DCF; = {(1 — uby) [ptYs — wi Hy Ny] — pr¢ki Fy } exp (‘ f Tidi) :

i=to

To solve that as an Euler equation, I express DCF; as a function of state variables k; and

N, by replacing k; with % exp (dl%’%fdt dNt/fi\lfer 6Nt> (by inverting equation (6)) and F; with

dNt + 0N;. The Euler equation for the choice of Ny is

ODCF, d ODCEF;

oN,  d@to(anyda

To evaluate that equation, I assume static expectations for k;/k;, for tax law, and for the
determinants of resale value. In that case, dlog (%) /dt = 0 and % = p1iki (p+ 9), and

the solution to the Euler equation is

L1 pYy Ky
1—ub 1— — | — —w:H k‘—l
( Ut)<[ Wt] Ny w t) Prif 08 <kt>
. . k
— (0 + 7 — Pt — U) pTike [l—log <Et>} = 0.
t

In order to convert that equation into an expression for capital’s share of income, substi-

tute for pr¢k; using equation (11) and for L with 6 + dNt/ Nt - After further rearranging, that
yields
1-1 Y: — weH: N, 1
( /ny) peYe — wiHe Ny _ (1 _ ) s, (32)
Yy Ur

ke 0+ dNt/ N
where z; = 1 + log —.
ko) 6+re—p—
Because n%pth is the income of unmeasurable capital, the left-hand side of equation (32) is
the share of income earned by measurable capital.
If productivity grows over time, new capital is of higher quality than existing capital,

so log (k:t / Et) is positive. (New capital will also be of higher quality than existing capital if
dN: /Ny
dt

the real price of capital falls over time.) The growth rate of the number of workers
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has typically been smaller than the real rate of return less productivity growth r; — p; — ;.
Consequently, z; < 1 and the right-hand side of equation (32) is less than (1 —1/n;) ;. In a
world of perfect competition (17, = 00), capital’s share of income is less than its coefficient in
production (ay).

When there are many types of capital, z; is a weighted average over all types of capital

using the k;, k¢, and § specific to each type of capital:

det/Mmt
Mmt kmt 5m + dt
=1+ E log < .
— M k

kmt ) Om +1e— Dt — Ut

combined

In the empirical work, I estimate that expression using actual values of the A]{Zt
with a steady-state growth path estimate of g—:’;, the sample-average of r; — Py — ¥, and

M M M’"L MT'L 3 3
sample-average d 2{ t for & ;{ t. Using actual values for those variables would make x;

unrealistically volatile over time.

B New Units of Capital
B.1 One Type of Capital

This section completes the derivation of new units of capital from the main text. Rear-

ranging equation (18), dividing through by #%,,7/2, and substituting N for Y /g yields

Yiir)/2 = y =
T2 _ oy, ' Niyr/2 N, (1 =)y Neyrya
tl

tYt+T/2
The firm assumes that N will grow at rate iy between ¢’ and t + T/2, so

v Nerryy = Ny (1+7y) 4270

Combining those two equations, I find that

'Y, Y/ ’ — /
t 7t+T/2 _ w% (1+ ﬁt,)t+T/2—t +(1—1) Ny (1 +ﬁt/)t+T/2—t .
tYt41/2 Y/
Thus, the expected future ratio of output to output per hour depends on the ratio of output
to cyclically adjusted output per worker and full employment at the time orders are made.
Firms’ orders at time ¢’ equal growth in the desired number of units of capital since those

firms’ last order, or

#Yeyre  v-1Yie1)2

— — )
tYt+1/2 t'—TYt—T/2

plus replacement demand. Multiplying by the fraction of firms ordering in each period (1/T),
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orders (O) are
Oy = o d B_ft (1 4 ) FT/2 ,T} /T
t/
1= (=) My
T )

F(1—y)d [Nt, (1 + 7y ) HT/2 ,T} /T +

where, to simplify notation, d [X}, ] replaces Xy — X;—;. Deliveries of new units of capital at

time ¢ (F}) are the average of orders placed in periods ¢’ through ¢ — 1:

| (Vi i) (U i) T2, T
Fo=w) t—t)xT

=1

=t g [Nt d(1 4 )T ] ! [1 —(1- 6)T] Mo

L)Y > t—t)xT

Y
— (t—t)xT P

To simplify the equation below and the empirical work, I replace the expression for depreci-
ation with 0 M;_1, which is units depreciating in period t.

Now consider a world in which investment cycles can vary in length, so that instead of a
single T" there are many T;. Because the degree of expected convergence of employment toward
full employment depends on the length of the investment cycle, a unique t; corresponds to

each T;j. Then the number of new units of capital put in place becomes

t—t' Y;fz/yt z)(l‘i‘n—z)t t+T/2T]
Z Z J |: (t _ 7f/) x T ] (33)
=1 7 J
! Nt Z(l—}—TL,Z)t t'+T5/2 T
+> > 7 [ )< j} +6M;,
=1 7

where 8 = ¢;1;, 7; = ¢; (1 —¢;), and 3, 8; + 357, = L.
B.2 Many Types of Capital

Now consider a world in which there are many types of capital, e.g., computers, software,
aircraft, and office buildings. I assume the same delivery lag (¢ — ¢ ) applies to all type-m
capital, but that the length of the investment cycle (7},;) and the convergence parameter
(¢,,;) differ across types of capital as well as establishments. Thus, the pair (T, ¥,,;)
apply to fraction ¢,,; of investment in type-m capital.

To distribute investment among the different types of capital, I assume that, absent
cyclical effects, type-m capital would account for a share o,,; of the nonfarm non-mining

units delivered at time ¢. I implement that assumption by multiplying each term of equation
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(33) by 0me. The number of new units of type-m capital delivered at time ¢ is

f Zﬁ @ (VemifGii) (U gi) T2 1,
F, t — Omt :
t— t;n d [Ntfi (1 + ﬁtfi)t_tlm_‘—ij/Q 5 Tm]]
TOmt Z Z»ij (t — ) N/ + Omt Z 5mMm,t—17
i=1 m mJ mem&f

where m ¢ m& f denotes nonfarm non-mining types of capital.

C Proof That )\ K; Is the Market Value of Capital

Proposition 1 Suppose the firm is a price-maker in the output market. If the production
function is homogeneous in employment, N, and aggregate capital, K, then

Ath:W—Dt—WUF—WUE—‘/tW—‘/tB. (34)
t .
o 8()\,5 exp {—fizomdz:D 8H
Proof. The first order condition 5 = -3 y1elds

8)\1; d(ptY;e) Ft 1
— — A = —(1—ub MK 35
ar (I =ub)) =~ MK (35)

Fy ke My d My /M,

-
t [Mt o8 ( K, >+ dt

after dividing through by exp [— fitzoridi} Because demand is inelastic,

d (ptYt) 1 oY
=(1——|pi—K;. 36
K, ) Por, (36)
Multiplying equation (35) through by K, substituting for d(%{}?) using (36), for \;K; using

equation (20) and for the last line of equation (35) using equation (6), and combining terms,
I obtain

0 (MeKt)
ot

1 Y,
— Tt ()\th) = — (]_ — ubt) <1 — ) aKft Kt +thktFt.

The solution to that differential equation is

o] Y
1 — ub; 1 LK :
N — / (1 —ub) (1= L) pyige exp (—[Lyridi) dj. (37)
Ju —p7jk;i Fj

I assume that unmeasurable capital is what causes firms’ price elasticity of demand to

differ from infinity, so the after-tax income from unmeasurable capital is (1 — ub;) %pth.
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Let VUE be the market value of existing unmeasurable capital and VU be the PDV of the

after-tax profits due to unmeasurable capital yet to be created, then
VUE 4L v UE = / (1 — ubj) pJY exp ( f;tridi> dj.
j=t UF

The market value of the firm is the PDV of future cash flow (V;) less V,VT.
To evaluate the remainder of V4, I use Euler equations. First, consider the PDV of the

portion of V; corresponding to time j, the discounted cash flow
(1 — ub;) pjyj T=a;5; Wi |
DCFj = P B, - Oy | pexp (< [ ridi)
+UJZ B ijkij
as a function of the state variable N;. Then the Euler equation is

ODCF;  d 9DCEF;
ON; — djd(dN,/dj)’

To evaluate the right-hand side of that equation, I use the simplifying assumptions that

w; H;N; grows at rate p; + 3 and that d <dN37{Nt — ﬁt) /dj = 0. Some algebra yields

p;Yi 1 1 dN;/N; _\?
(L=1/n;) =" - —wiH;Nj — genw; ( le t—n; ) H;N;

1 H; 2 N;

— §CH7.UJ' ([?J — 1) Hij — CijHj <]\4Jj — 1) Nj

dN;/N;
dj

= TPYjCNW; < - nj> H;N;.

Now consider DCF} as a function of the state variable M;. To evaluate DCF; I make

the substitutions

_ dk;/dj M;
hzk-exp( L i ) and
T kj dM;/dj + dM;

dM;
Fj = —2L 4+ 6M;.
J dj

The Euler equation is

ODCF;  d 9DCF;
OM; — djo(dM;/dj)’

To evaluate the right-hand side of that equation, I use the simplifying assumptions that k;/ Ej

is constant and that pr;k; grows at rate p; + ;. After some algebra, and using equation (11)
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to substitute for pr;k;, I have

%ttt — enrt (Y5 1) w4 e (1) W
Y H M — —enwaH [ 2L e H [ 2L _
1_ajl,jJJJ 2MJJMj J MJJMj J

M; /dj
k; LD — rpy,
aj (1= 1/n;) pj¥j + a; (1 = 1/n;) p;Y;log <,—§J> T
Summing that equation with the result from the first Euler equation yields
1 (1 =1 Y. 1 H-N; ] H:M: —C,; =
(1 —ay) (1 —1/n;) p; R p—— 3j+1—7ajxjw3 iMj —C; =
dN;/N N

. . 7Y 5 HLN (1 —=1/n.)p:Y:1 M M; J

TPYjENW; ( ~ ”J> iNj +aj ( /773) pj¥jlog k; 5+ rpy;

To evaluate V; using that equation, note that I can substitute for the first term on the

left-hand using
v Ni = (1= o) psY;

when the derivative 0Y;/0ON; of equation (7) is taken with K held constant. Multiplying
through by (1 — ub;) and integrating both sides over j, I have

1
<1_77) J@NN

oo
/ (1 — uby) ~ ez wjH;N; exp (—fij:tmdi> dj =V, (38)
J=t +ﬁj1'jw]H]M] Cj
where
o0 TPY;CNW; (d Z/N )H N '
/ (1 — ubj) " dlvjfw]/da Crpyy ([ OXP (—ff:tn‘dz) dj.
j=t +aj (1- 1/773') p;jYjlog (E) 3+rpy;

dN; /N;
dt

The portion of V' dependent on ( — ﬁj> is very small, since 7, is just growth of
smoothed N;. Thus, VW consists primarily of the reduction in capital’s share of income
below that implied by «; because of growing productivity.

Because the production function is homogeneous of degree one in N; and Kj,

oY, oY,
Yi= 8NN+8KK
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Summing together equations (38) and (37) and making that substitution yields

(-4

Tl (—uby)|  —l wHN; ‘
MK+ VW = / ( i) al,_—aﬂj ij I exp <—fij:t?“idi> dj.
2 Fimays; wiHiMj — C;
—pTik;Fj

The right-hand side of that equation is V; — D; — VtUF - V;UE - VtB , so I have proved equation
(34).

The proof generalizes to the case in which there are many types of capital. Other than
summing the differential equation (37) over all types of capital, the only difference with the

case of one type of capital is that the \,,; for land and inventories include their resale value.

D Notes on Data
D.1 Estimated Variables Used in the Investment Equations

To estimate N;, I assume that the ratio IV, / N, is negatively related to the difference
between the actual unemployment rate (ru;) and the underlying long-term rate of unemploy-

ment (7):

log <Nt> = —((ru — 7). (39)

Data for 7u; are from the Congressional Budget Office (2014b). I assume that log (Nt) follows

a random walk with drift
Alog (Ny) = ¢ + €,

where A denotes a first difference. I estimate  using
Alog (Ny) = ¢ — ¢ A (rup — Tug) + €

and use that estimate of ¢ to calculate Ny by inverting equation (39).
The variable H; is calculated by taking an H-P filter of H;. I can then use equation (12)

to solve for g;.

D.2 Market Value of Debt

To convert the par value of interest-bearing liabilities into market value, I first regress

the ratio of interest paid to the par value of those liabilities on past interest rates. That
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determines the interest rate and the average maturity, denoted T3;. Rather than making a
separate calculation for each maturity, I assume that all the liabilities held at time ¢ were
issued at time t — T)s at the average interest rate over the period ¢t — 27T to t. Let that
average rate be rg and the actual interest rate at time ¢ be r;. Then the market value is the

par value times

To 1 1
—\1- T + T
n )™ ) @)™
The market value of assets is calculated using an analagous procedure.

D.3 Tax Treatment of New Capital

To calculate the tax treatment of capital, I assume all capital is subject to the corporate
income tax. Data for the methods of depreciation taken (straight-line, accelerated, sum of
digits, and expensing), tax lifetimes, declining-balance parameters, rates of investment tax
credit, and the basis adjustment for the investment credit are taken from Gravelle (1994),
updated for provisions allowing bonus depreciation since 2002. The take-up rate for expensing
and partial expensing is assumed less than 1, based on Knittel (2007).

The effective tax rate on new capital can differ from the average effective tax rate for
several reasons. First, the effective tax rate for nonprofit institutions is zero. Second, the
effective tax rate for S corporations is the personal tax rate rather than the corporate rate.
Third, loss-making firms may not be able to take advantage of depreciation allowances or may
have to take them in later years. Finally, not all income is subject to tax, even for profitable
firms. Based on those considerations, I multiply the statutory federal rate by a factor g, which
is 0.80 for all firms investing in capital and 0.85 for nonfinancial corporations. The corporate

tax rate is then
up =g X ufy+uslx (1 —gxufy),

where uf; is the federal statutory corporate income tax rate, from Gravelle, and wusl; is the
average state and local corporate tax rate, equal to state and local corporate tax collections
divided by corporate profits before tax for domestic industries. The latter is multiplied by
(1 — g x uf) because state and local taxes are deductible from federal tax.

The present discounted value of depreciation allowances requires an estimate of the nom-
inal rate of return r, so given an estimate of r; — p; — ¥, estimates of p; and 3, are needed.
From the fourth quarter of 1968 on, raw p; equals the change in the GDP price index ex-

pected over the next year from the Philadelphia Federal Reserve Bank’s survey of professional
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forecasters, plus the average difference in growth rates between p; and the GDP price index.
Because expected inflation has to cover the entire tax life of an asset, not just the next year,
the actual p; used is an average of raw p; and its sample average. Estimates of p; before the
fourth quarter of 1968 are based on a regression of p; on current and lagged growth of p; and
on the gap between the unemployment rate and CBO'’s estimate of the underlying long-term
rate of unemployment after 1968. Expected g is assumed to equal 1.6 percent, the coefficient

of time in a regression of log () on a constant and time.

D.4 Economic Depreciation

The rate of economic depreciation is the inverse of the service life. Service lives for
most types of capital are from the Bureau of Economic Analysis (2003). The service life for
inventory technology is assumed to be 12 years, a rough average of service lives for equipment.

The service life for unmeasured intangible capital is assumed to be 15 years.

D.5 Starting Values for Units of Capital

The calculation of the V;,; requires estimates of the M,,;. Those can be calculated after
the beginning of the sample period using perpetual inventory equations, but require estimates
at the beginning of the sample to start the process. I do that by estimating the number of
new units of each type of capital along a steady-state growth path consistent with BEA’s
estimates of the capital stocks at the beginning of the sample.

Along a steady-state growth path, the real stock of type-m capital, as measured by BEA,

is proportional to the ratio of nominal output to the price of type-m capital:

kthmt
575; +pt _pmt +}/t’

o0
Kb, = / Lyt €Xp (— [651 Tt Y —pmt} z) di =
=0

where p,,,; and Yt are the growth rates of p,,,; and Y;, and 5ﬁ is the depreciation rate used by

BEA. Substituting for k,,; using equation (11) and for F,,; using

ANy /N,
dt

Fmt = Mmt <67§1 +

and rearranging, I can express the M,,; as functions of o, rpy:, and observable variables.
(Because I am assuming a steady-state growth path, I use long moving averages for the tax
terms and average growth rates over many years.) I set rpy; equal to 0.05 (somewhat higher
than in the sample period because the ratio of capital income to market value was high in
the 1950s) and solve for the af needed to equate nonfarm non-mining M; with N; at the

beginning of the sample. I can then solve for the individual M.
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D.6 Units of Land

To estimate the ratio of units of land to units of structures, first note that equation
(25) implies that the PDV of the market value in production (the AK) of a unit of land
newly placed in service and the associated units of structure units are the same because the
depreciation rates are the same. Given that the two units share the other determinants of
market value, their AK will remain the same over their service lives. With non-geometric
depreciation, the resale value of land is roughly a fraction % of the total market
value. Combining those facts with the Bureau of Labor Statistics’ estimate that the market
value of land is 29 percent as large as the market value of structures in the nonfarm business
sector, the ratio of the number of units of land to the number of units of structures is

Tt — PLt
0'291.5(5m + 7 —pre

Given the paucity of data for land, I assume that ratio is constant over the sample period,
and calculate it using sample averages of the variables and a weighted average of the d,, for
each type of structure. To capture the relative scarcity of land, I assume that the price of

land grows at rate p + ¢, meaning r; — prs can be replaced by rpy;.
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Figure 1. Investment, Cash Flow, and Tobin’s ¢
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Figure 2. Inventories and Output
(Percent change from year earlier)
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Figure 3. Private Nonresidential Fixed Investment: Actual and Fitted
(Excluding mining and farming, percent of nominal net stock of capital)
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Figure 4. Nonfarm Inventory Investment: Actual and Fitted
(Percent of nominal net stock of capital)
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Figure 5. Private Nonresidential Fixed Investment: Actual and Fitted, Constant o*
(Excluding mining and farming, percent of nominal net stock of capital)
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Figure 6. The Contribution of the Accelerator to the Growth of Investment
(Real nonresidential fixed investment, percent change from year earlier)
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Figure 7. The Contribution of Tobin’s ¢ to the Growth of Investment
(Real nonresidential fixed investment, percent change from year earlier)
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Figure 8. Estimates of a and «* Using Variable o*
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Figure 9. Capital’s Share of Income
(Percent of output of sectors using private nonresidential fixed capital)
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Figure 10. Market Value of Capital
(Nonfarm nonfinancial corporations, ratio to potential GDP)
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Figure 11. Tobin’s ¢
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Table 1. Estimated Coefficients from the Investment Equations

o from Kalman filter Constant o*
Estimate z-statistic Estimate z-statistic

cl 1 n.a. 1 n.a.
c2 0.84 17 0.70 12
c3 0.28 21 0.28 n.a.
c4 0.20 16 0.18 15
Zj 5mj:

Equipment 0.41 0.44

Structures 0.87 0.73

IPP 0.14 0.21
Bino 1 0.04 1 0.05 1
Average lag of 3,,;

Equipment 6 6

Structures 10 10

IPP 7 10
Average lag of v,,.

Equipment 11 13

Structures 14 14

IPP 14 14
a* Variable 0.27

Notes: cl is the coefficient of the actual tax treatment of revenue. ¢2 is the coefficient of the
actual tax treatment of new capital. ¢3 is the coefficient of a dummy for 1981-1986 in the
structures equation. c4 is the coeflicient of the market value of capital. The j3,,; are the
coefficients of the change in output divided by cyclically adjusted output per worker (Y/7).
IPP is intellectual property products. f3;,, 1 is the coefficient of the contemporaneous
change in Y/y in the inventory equation. Average lags are in quarters. The ~,,, are the

coefficients of the change in full employment (V).
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Table 2. Sensitivity Tests

Standard error
or =10 rpy = 4.5 of a® = 0.001
Estimate z-stat Estimate z-stat Estimate z-stat
cl 1 n.a. 1 n.a. 1 n.a.
c2 0.83 17 0.85 17 0.61 14
c3 0.29 20 0.30 21 0.20 18
c4 0.19 16 0.19 15 0.21 17
Zj /ij:
Equipment 0.41 0.40 0.38
Structures 0.87 0.87 0.81
IPP 0.14 0.13 0.11
Binv1 0.04 1 0.05 1 0.04 1

Notes: 47 is the service life of unmeasured intangible capital. 7py is the sample average of
the real cost of debt and equity less expected productivity growth.
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